Introduction
A Deza graph with parameters (v, k, b, a) is a k-regular graph on v vertices in which the number of common neighbors of two distinct vertices takes two values a or b (a ≤ b). Deza graphs were introduced in [6] . Deza graphs include strongly regular graphs and divisible design graphs.
A k-regular graph on v vertices is a divisible design graph (DDG for short) with parameters (v, k, λ 1 , λ 2 , m, n) if the vertex set can be partitioned into m classes of size n, such that two distinct vertices from the same class have exactly λ 1 common neighbors, and two vertices from different classes have exactly λ 2 common neighbors [5, 8] . For a DDG, the partition into classes is called a canonical partition.
Let G be a finite group and S be a subset of G which does not contain the identity element and is closed under inversion. The Cayley graph Cay(G, S) is a graph with the vertex set G in which two vertices x, y are adjacent if and only if xy −1 ∈ S. In [7] , all strictly Deza graphs which are Cayley graphs with less than 60 vertices were found. We discuss divisible design graphs which arise from finite groups as Cayley graphs. The following theorem is useful for studying divisible design Cayley graphs. Theorem 1. Let Cay(G, S) be a Deza graph with parameters (v, k, b, a) and SS −1 = aA + bB + k{e}, where A, B and {e} be a partition of G. If either A ∪ {e} or B ∪ {e} is a subgroup of G, then Cay(G, S) is a DDG and the right cosets of this subgroup give a canonical partition of this graph. Conversely, if Cay(G, S) is a DDG, then the class of its canonical partition which contains the identity of G is a subgroup of G and classes of the canonical partition of DDG coincides with the cosets of this subgroup.
and we have exactly b such pairs.
Conversely, let Cay(G, S) be a DDG and H be a class of the canonical partition of DDG which contains the identity of G. It's enough to prove that for any h, g ∈ H we have hg −1 ∈ H. Since h and g belong to the same class of the canonical partition of Cay(G, S), then |Sh ∩ Sg| = λ 1 . the number of pairs (s, s ⋆ ) such that sh = s ⋆ g is equal to λ 1 . Thus hg
Theorem 1 is the basis for Construction in the next section.
Construction of Cayley DDGs
In this section we present a construction that gives us an infinite series of divisible design graphs which are Cayley graphs. Only the first graph among them is known and given in [8] . This graph has parameters (12, 6, 2, 3, 3, 4) and can be obtained from the alternating group of degree 4 as a Cayley graph (see Example 1 below).
Let F be a finite field with q r elements, where q is a prime power, r > 1.
Consider group G ⋆ of all 2 × 2 matrices 1 0 α β , where α ∈ F and β ∈ F \ {0}. It is easy to see, G ⋆ is a semi-direct product of two subgroups N and K. Where N consists of all matrices 1 0 α 1 , where α ∈ F, and K consists of all matrices 1 0 0 β , where β ∈ F \ {0}.
For any a ∈ N , a = 1 0 α 1 , α ∈ F define a bijection ψ + from N and F as follows ψ + (a) = α. Clearly, ψ + is a bijection between N and F. Moreover, if
Thus, N is isomorphic to the additive group F which we consider as a linear space of dimension r over field
define a bijection ψ × from K and F as follows ψ × (a) = β. Clearly, ψ × is an isomorphism between K and the multiplicative group of a field F.
Let K be generated by matrix f ⋆ = 1 0 0 τ , where τ is a primitive element of finite field F.
Let H be a cyclic group generated by f = (f
and τ q−1 = θ. Thus, G = N H is a subgroup of G ⋆ of index q − 1 and the order of G is equal to q r (q r − 1)/(q − 1). Let t = (q r − 1)/(q − 1). Let us remark that N is normal subgroup of G, the order of N equals q r , and its index in G equals t.
Consider the partition of G into right cosets of N and choose f i as representatives for the cosets. So we have
Since N is a normal subgroup of G, the set of right cosets of G and the set of left cosets of G are the same.
Remark that F + is a linear space of dimension r over F q . Let M be the set of preimages of all r − 1 dimensional subspaces of F + in N under ψ + . Since ψ + is an isomorphism, hence M is the set of abelian subgroups of order q r−1 and rank r − 1 in N . By the formula of Gaussian binomial coefficients, there are
Let ϕ be a bijection between {f 0 , f, . . . , f t−1 } and M. Define the generating set S of G in the following way:
where
Construction. Let Γ be a Cayley graph whose vertices are the elements of G = N H and S be a generating set.
Let us consider when S is closed under inversion.
Lemma 1. S is closed under inversion if and only if
For example, there are exactly three permutations of 7 symbols that satisfy Lemma 2 modulo 7. These are three cycles (1, 6, 3, 7, 2, 4, 5) , (1, 6, 2, 3, 5, 7, 4) , and (1, 6, 4, 2, 7, 5, 3).
Main theorem
The main goal of our article is to proof the following theorem.
Theorem 2. If G, S, and Γ = Cay(G, S) are from Construction and S is closed under inversion, then Γ is a divisible design graph with parameters (v, k, λ 1 , λ 2 , m, n), where
Proof. It is clear, that Γ is an undirected graph on v = q r (q r − 1)/(q − 1) vertices of valency
Let us calculate a number of common adjacent vertices for any two distinct vertices from any coset. Since Γ is a Cayley graph, then it is enough to calculate this number for the identity element of G and any non-identity element from N . Let e be the identity element of G and a ∈ N , a = e. It is important to note that a belongs to exactly
Let us calculate a number of common adjacent vertices for any two vertices from any two distinct cosets. Since Γ is a Cayley graph, then it is enough to calculate this number for the identity element e from G and any element g from N f i , where i = 0 (mod t). Let g = f x a g , x = 0 (mod t). We have 
Taking into account that N is normal subgroup of G and b g ∈ N we have
Thus, we have
then there are some
Therefore, θ x α 1 = α 2 . Since bijection ψ + is an isomorphism from N to the additive group F + , then
Hence, Γ is a divisible design graph.
Examples
Example 1. DDG with parameters (12, 6, 2, 3, 3, 4) . We give an example of DDG with parameters (12, 6, 2, 3, 3, 4) basing on alternating group Alt 4 with generating set S = { (13)(24), (12)(34), (123), (132), (234), (243) 
Below, we give the list of generating sets for these Cayley graphs.
Example 4. Divisible design Cayley graphs from Cayley-Deza graphs There are 278 divisible design graphs in the list of all Cayley-Deza graphs which were found in [7] .
Conclusion remarks
Any divisible design graph can be considered as a symmetric group-divisible design whose vertices are points, and its neighborhoods are blocks [8] . Moreover, the adjacency matrix of a divisible design graph can be interpreted as the incidence matrix of a symmetric group-divisible design. Such a design is called the neighborhood design of a graph. However, there is a complication with the neighborhood design of a graph because the isomorphisms for designs are defined differently. Therefore, non-isomorphic graphs can correspond to isomorphic designs. Examples 2 and 3 of this article gives us non-isomorphic DDGs which produce isomorphic group-divisible designs. For another reason we remark, if divisible designs admit a symmetric incidence matrix with zero diagonal, then its correspond to DDGs.
There is a remarcable possibility to construct divisible designs from groups. Let G be a group of order mn containing a subgroup N of order n. A k-subset D of G is called a divisible (m, n, k, λ 1 , λ 2 ) difference set (divisible by cosets of subgroup N ) if the list of elements xy −1 with x, y ∈ D contains all non-identity elements in N exactly λ 1 times and all elements in G \ N exactly λ 2 times. In case that N = {0}, the definition of a divisible difference set coincides with the definition of a difference set in the usual sense. In case that λ 1 = 0, the definition of a divisible difference set coincides with the definition of a relative difference set [4, 9, 10] .
Divisible difference set D gives rise to a symmetric group-divisible design D with the set of blocks {Dg| g ∈ G} and has the same parameters as D. This symmetric group-divisible design is called the development of D and admits G as a regular group of automorphisms (by right translation). In fact, symmetric group-divisible designs with a regular group G are equivalent to divisible difference sets in G. For having a symmetric incidence matrix with zero diagonal, the divisible difference set should be reversible (or equivalently, it must have a strong multiplier −1). See more information on such difference sets in to [1] .
